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Abstract — For given two any graph H and G, the size multipartite Ramsey number m;(H, G) is the smallest integer t such that for

every factorization of graph Kjxt := F1 @F2 so that F; contain H as a subgraph or F, contains G as a subgraph. In this paper, we
determine m;(Ky,, W,) with j = 4,5 and mg(P,, W,) for n = 2 where K, denotes a star on n+1 vertices, P, denotes a path on n
vertices, and W, denotes a wheel on 4 vertices.
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I. INTRODUCTION

Let G=(V,E) be a graph with the vertex-set V(G) and edge-set E(G). All graphs in this paper are finite and simple. Degree
of a vertex v is the number of vertices adjacent to v, denoted deg(v). So, the neighborhood N(v) of a vertex V is the set of
vertices adjacent to v in G. The minimum degree and maximum degree of G is denoted by §(G) and A(G), respectively. For any
set S € V(G), the induced subgraph G[S] of G by S is the maximal subgraph of G with the vertex-set S. If e = uv € E(G) then u
is called adjacent to v. A graph G is said to be factorable into factors Gy, -+, G, if these factors are pairwise edge-disjoint and
UL, E(G;) = E(G).If G is factored into Gy, -+, Gy, then G = G; @ -+ BG,,, which is called a factorization of G.

A star K ,, is the graph on n + 1 vertices with one vertex of degree n, called the center, and n vertices of degree 1. A path
P, is the graph on n > 2 vertices with two vertices of degree 1, and n-2 vertices on of degree 2. A cycle C, is a 2-reguler
connected graph. A wheel W,, = C,, + {x} is a graph on n vertices with the hub x which adjacent to all vertices in C,,. Define aP,
is a path with a as initial vertex and b as terminal vertex.

The notion of size multipartite Ramsey numbers were introduced by Burger and Vuuren [3] in 2004, and Syafrizal et al.
by considering the two factorization of a K, by fixing the size j of the uniform multipartite sets. More precisely, For given two
graphs G, and G, and integer j > 2, the size multipartite Ramsey numbers m;(G,, G;,) = t is the smallest integer such that every
factorization of graph K, := F;@F, satisfies the following condition: either F; contains G, as a subgraph or F, contains G, as a
subgraph. Ramsey numbers of small paths versus cycle of three or four vertices have been studied by Syafrizal Sy [6].

There are only few results on the size multipartite Ramsey numbers m;(G,H). In this paper, we consider a generalization of
this concept by releasing completeness requirement in the forbidden graphs as follows. Syafrizal Sy [7] determined the exact
values of the size multipartite Ramsey numbers of large path versus wheel on five vertices. The size multipartite Ramsey numbers

m;(Kym, P,) and m, (Kl,m: Cn) was studied by Lusiani et al. [5]. The size multipartite Ramsey numbers mj(Kl_t, P3) =n for
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J,n = 3 studied by Bagqi et al. [1]. Furthermore, Baskoro et al. [2] studied size multipartite Ramsey numbers for star and cycle
m;j(Sp, Cy) for 3 < n < jand m = 3. Effendi et al. [4] determined size multipartite Ramsey numbers for combination path and

wheel on four vertices m3(P,, W,) for n > 3. The aim of this paper is determined m; (Kyn W,) with j = 4,5 and ms (P, W,) for
n = 2. In this note, we prove the following theorem.

II. S1ZE RAMSEY NUMBERS RELATED TO K;,, AND W,
We will determine the size multipartite Ramsey numbers for star versus wheel on 4 vertices as the following theorem.

Theorem 3.1. For positive integer n > 2,

2 forn =2,
3 orn =23,

My (Kin, Wa) = n—1 4
l 3 J +2 forn = 4.

Proof. We consider three cases as follow.
Case 1. Forn = 2.

The first, we determine the lower bound m4(K1_2, W4) > 2. Let F;@®F, be the factorization of graph F = K, such that
F,; contains no K , as subgraph. We assume that F; contains a perfect matching M = {a;,a;,,a31a41}. Let ay; € V, be a hub of
wheel W, and let N(x) be the set of vertices adjacent to x in F;, then |V(F1)\(V2 UN (x))| < | V(C,)|. Clearly that F, contains
no W, as a subgraph. Therefore, m, (K1,n» W4) > 2.

Next, we will determined of upper bound m, (K1.2: W4) < 2. Let G,@®G, be any the factorization of G = K, such that G,
contains no K; , as a subgraph. We will show that G, contain W, as a subgraph. Let V; = {a;;, a;,} for i = 1, 2,3, 4 be the partite
set of G. Since G; contains no K;, then A(G;) < 1. Assume that G; contains perfect matching M = {a;,a4, a1,a51,
Q,,0Q3,, A3104;}. Suppose partite V, contain vertex x = a,, as the center of W,. Hence, these all vertices a;4, a,,, @45, and
a3, will form cycle on four vertices where the set of vertices is C, := a;4, a5, @12, A32,a41 In G,. As a consequence, G, contain
W, 1= C, + {x} as a subgraph. Therefore, m4(K1,n, W4) <2

Case 2. Forn = 3.

We will show first that of the lower bound m4(K1,3, W4) > 3. Let F;@F, be a factorization of F = K,4, such that F;
contains no K 3 as a subgraph. Let V; = {a;;, a;;} fori = 1,2, 3, 4 be the partite set of F. Thus, F; contains no Kj 3 as a subgraph.
Assume that F; = 2C, with V(C}) = {ay1, az;, a31, A41,a41} and V(C2) = {ay,, az1, A3, A4y, a1, ). Take vertex x € V; as a hub
of wheel W, and N(x) is the set of vertices adjacent to x in F;, so that |V(F)\(V; U N(x))| < |E(C,)|. Thus, F, contains no
W, as a subgraph. Therefore, m, (Kl’g, W4) > 3.

Next, to show the upper bound of m4(K1‘3,W4) < 3. Let G;®G, be the any factorization of G = K,z such that G,
contains no Kj 3 as a subgraph. We will show that G,contain W, as a subgraph. Let V; = {a;;, a3, a;3} for i = 1,2, 3,4 be the
partite set of G. Since Gjycontains no K;3, then A(G;)<2. Assume that ; contain Cjwith
V(Ci2) ={aq1, a3, A3z3, Q13, A1, A4z, A32, A1z, Ayq, Ao, Agz, A31, Qq1}- SUPPOSE vertex x = a,, as a hub of wheel W, in G,.
Let N(x) be the set of vertices adjacent to x in G, such that G,[V(G)\(V, U N(x))] has 7 vertices. Thus, we have the set of
vertices of cycle C4 :=ay,, asz3, Auq, 31, A1z In G,. So, we have wheel W, :=C, + {x} as a subgraph in G,. Therefore,
my(Ky 3, W,) < 3.

Case 3. Forn = 4.

Suppose p = lnT_lJ + 2. We will show first the lower bound m, (Kl,n' W4) > p. Let F;@F, be the any factorization of
F = K4x(p-1) such that F, contains no W, as a subgraph. Let V; = {a;;} fori= 1, 2, 3and j = 1, 2, 3, 4,---, p — 1 be the
partite sets in F. Since F, contains no W, as a subgraph, then the maximal degree is 3 for every a;; € V(F;). Suppose vertex
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n n-1

x € V; is a center of K; ,,, then clearly that F; contains no K ,, as a subgraph. Since V(F) = 3 %J then V(F;) = 3 lT -3<
V(K1 ,). Therefore, m4(K1,n, W4) =>p.

Next, to show the upper bound of m, (Kl,n' W4) < p. Let G; DG, be the factorization of G = Ky, such that G; contains
no K ,, as a subgraph. We will to show that G, contain W, as a subgraph. Let V; = {a;;} be the partite set of G fori = 1, 2, 3, 4
andj= 1, 2, 3, 4,---, p. Since G, contains no K; ,, then A(G;) < n — 1 in G;. Suppose there is exist a one vertex x € V; asa
hub of W, in G,. Let N(x) be the set of all vertices adjacent to X in Gy, then G,[V(G)\(V; U N(x))] has 3p — (n — 1) vertices,
and minimum degree 3(G,[V(G)\ V; U N(x)]) = 3p — (n — 1). Since there exist at least four vertices, namely a, b, ¢, and d
will contain cycle C, in G, t at least, then G, contain W, := C, + {x} as a subgraph. Therefore, m, (K1,n, W4) <p.

Theorem 3.2. For positive integer n > 2,

( 1 forn =2,
n
- = +
ms(KLw W4) = { l4lz+ ' forn=8k+2keL’,
+
ln J +1 for n others.

Proof. We consider three cases as follow.
Case 1. Forn = 2.

We will show first the lower bound of mg (K1,2; W4) = 1. Let F;@®F, be the any factorization of F = Kgy ;1. Clearly that
ms(Kyp Wy) = 1.

Next, to show the upper bound of mg (KLZ,W4) < 1. Let G;®G, be the any factorization of G = K5, such that G,
contains no K , as a subgraph. We will show that G, contain W, as a subgraph. Let V; = {a;;} for i = 1,2,3,4,5 be the partite
set in G. Since G, contains no Kj ,, then A(G;) < 1. Assume that G; contain a matching M? := {a,,as;, 44104} such that there
exist one vertex X = a,4 as a center of W,. Since |V (G,)\ x| = 4, then there the vertex set of cycle C, := a,q, a5y, 31, A41, Az IN
G,. So, G, will contain W, := C, + {x} as a subgraph. Therefore, ms (Kl,z» W4) <1

Case2.Forn =8k +2,k € Z*.

We will show first the lower bound of mg (K1,n; W4) > EJ +1 for n=8k+2,k €Z*. Let F,®F, be the any
factorization of F = K 5Xl%] such that F,contains no W, as a subgraph. Let V; = {a;;} be the partite set of F for i = 1, 2, 3, 4,5
and j =1, 2, 3, 4,-, EJ Since F, contains no W, as a subgraph, then maximal degree is 3 for every a;; € V(F). Suppose
x € V;is the center of K ,,. Since deg(F) = 4 EJ, then deg(F,) = 4 EJ —3 < deg(Ky,). As a consequence, F; contains no
K; , as a subgraph. Therefore, ms(Kl_n, W4) > EJ +1forn=8k+2keZ.

Next, to show the upper bound of mg (Kl_n, W4) < EJ + 1 forn =8k + 2,k € Z*. Let G;®G, be the any factorization of

G=K such that G; contains no K; , as a subgraph. We will show that G, contain W, as a subgraph. Let V; = {a;;} be

sx|5]+1
partite setof G fori = 1, 2, 3, 4,5andj =1, 2, 3, 4,-, EJ + 1. Since G;contains no K ,, as a subgraph, then A(G;) < n —
1 for n = 8k + 2, such that the partite V; contain one vertex x = a;; with deg(x) =n — 2 as a hub of W, in G,. Let N(x) be

vertex set adjacent to X in G;. Since G,[V(G)\ (V; U N(x))] is 4 EJ + 1 — (n — 2) vertices. As a consequence, there are four

vertices a, b, ¢, and d will form cycle C, in G,, such that G, contain W, := C, + {x}. Therefore, ms (Kl,n: W4) = EJ + 1.
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Case 3 . For other n.

We will show first the lower bound of mg (K1 - W4) ln+2J + 1 for other n. Let F;@F, be the any factorization of
F = KSXInTJer such that, F, contains no W, as a subgraph. Let V; = {a;;} be the partite set of F fori = 1, 2, 3, 4andj = 1, 2,

3, 4, ln—“J Since F, contains no W, as a subgraph, then the maximal degree for a;; € V(F) is 3. Since x € V; is a center of
K, and deg(F) = 4["”] then deg(F,) = 4[ﬁ —3 < deg(Ky,). Clearly that, F; contains no K;, for other n as a
subgraph. Therefore, mg (K1,n; W4) > [TJ + 1 for other n.

ln+2

Next, to show the upper bound of mg (Kl,n' W4 J + 1 for other n. Let G;®DG, be the any factorization of G =

K lenT+2J 4+, such that G, contains no K;, as a subgraph. To show that G, contain W, as a subgraph, suppose V; = {a;;} for

i=1,2 3 45andj=1, 2, 3, 4,- l J + 1 is a partite set of G. Since G;contains no K, as a subgraph, then A(G;) <
n — 1 for other n. Suppose x € V; is a hub of W,. Since N(x) is the set of vertices adjacent to X in Gy, then G,[V(G)\(V; U

N(x))] has 4 (ln+2J + 1) — (n—1) vertices and 6 (G,) = 4 (ln+2J + 1) — (n—1). As a consequence, all these vertices a, b,

¢, and d will form cycle C, in G,, such that G, contain W, := C, + {x} as a subgraph. Therefore, mg (Kl . W4) ln+2J + 1.
III. Si1ZE RAMSEY NUMBERS RELATED TO P, AND W,
We will determine the size multipartite Ramsey numbers for path versus wheel on 4 vertices as the following theorem.

Theorem 4.1. For positive integer n > 2,

1 for2<n<3,
<n<
ms (P, W,) = ang for4a<n<s,
l 5 J for nz6.

Proof. We consider three cases as follow.
Casel.For2 <n < 3.

We will show first that the lower bound of ms(B,, W,) > 1. Let F;@®F, be the any factorization of F' = Kgy(;—1). Clearly
that, mg(P,, W,) = 1for2 <n<3.

To show the upper bound of mg(P,, W,) < 1. Let G, @®G,, be the any factorization of G = Ks such that G; contains no P,
as a subgraph. We will show that G, contain W, as a subgraph. Suppose V; = {a;;} fori =1,2,3,4,5 is a partite set of G. Since
Gy contains no P, as a subgraph, then G,is contain independent vertices. Clearly that, |V (G{)\V;| = 4, thus G, contain cycle
C, i= a1 Q471 Q31 Asq Aqq, SO that G, contain W, as a subgraph. Therefore, mg(P,, W,) < 1.

Next, to show the upper bound of mg(P;, W,) < 1. Let G; DG, be the any factorization of G = Ks such that G; contains
no P; as a subgraph. We will show that G, contain W, as a subgraph. Suppose V; = {a;;} is a partite set in G for i = 1,2, 3,4,5.
Since G,contains no P; as a subgraph, we assume G, contain a matching M? = {a;,as, @s1a4;}. So, there is exist one vertex,
namely x = a,;, as a hub of W,. Since |V (G,)\V;| = 4, then there exist C, := a;; a41a31as1 a41 in G,. Clearly that, vertex X
adjacent to all vertices in G,. Hence, G, contain W, := C, + {x} as a subgraph. Therefore, mg(P;, W,) < 1.

Case2.For4 <n <5.

We will show first that the lower bound of mg(B,, W,) = 2 for 4 <n <5. Let F®F, be the any factorization of F =
Ksx(2—1) such that F; contain no B, as a subgraph. Suppose V; = {a;,} is the partite setin F for i = 1,2, 3,4, 5. Since F; contains
no B, as a subgraph and |V (F,)\ V;| < |V(C,)|, then clearly that F, contains no W, as a subgraph. Therefore, ms(B,, W,) = 2.

Next, to show the upper bound of ms(P,, W,) < 2. Let G; DG, be the any factorization of G = Kgy, such that G; contain
no P, as a subgraph. To show G, contain W,, we consider two the following.
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Case 2.1. If Gl = 3K3 U P4_.

Let V;={a;,a;,} be the partite set of G for i= 1,2,3,4,5. Suppose V(KI)={aq,0az; 031,0a11}
V(K2) ={a,3, Ay, a5y, 412}, V(K3) ={as;, asy, asy, as,} is a graph 3K; and V(P;) = a4, in G,. Since G, contain no P, as a
subgraph, then vertex V(P;) = a4, no adjacent to every vertices in G, such that vertex a,; is hub of W,, such that C,
= Qq4, Az, Oq5, A31, 015 in. Thus, G, contain W, := C, + {x}. Therefore mg(P,, W,) < 2

Case2.2.If G, # 3K; U P;.

Since G, contains no 3K5 U Py, then there is exist x one vertex x with deg(x) < 1. Suppose A = V(K5 ;)\ (V; U N(x)),
such that |V(A)| = 7. Since P = aP,, is longest path in A, then xa, xb & E(G,). Next, Suppose I = V(A)\(V, U V) is the subset
of induce subgraph G, [A]. Since |V (I)| = 3, then there exist at leas two vertices, namely ¢ and d, where ¢, d € (G,[I]). Since
ab,bc,cd,da ¢ E(G,) and xd,xc & E(G,), then these all vertices a,b,c and d will form C, in G, such that G, contain W,
:= C, + {x}. Therefore, mgs(P,, W,) < 2.

Next, to show the upper bound of ms(Ps, W,) < 2. Let G;DG, be the any factorization of G = Ks,, such that G,
contains no Ps as a subgraph. We will show that G, contain W, as a subgraph whit two the following cases.

Case23.1fG; = 2K, U P,.

Suppose V; = {a;;,a;,} with i = 1,2,3,4,5 is a partite set in G. Since G; contain 2K, U P, as a subgraph, then we may
assume that there exist a subgraph 2K, U P, with V(K}) = {a,1, az3, a3z, as1}, V(KZ) = {a13, a1, @41, as,} contain 2K,, and
V(P,) = {asq, a4z} in Gy, such that as; will form a wheel W, whit X a as hub. A consequence, all these vertices a4, dz1, sy, Q4q
also no adjacent to all vertex in G;, such that will form cycle C, in G,. Hence, G, contain W, := C, + {x} as a subgraph.
Therefore, mg(Ps, W,) < 2.

Case24.1f G, # 2K, U P,.

Since G; contains no 2K, U P,, then there exist one vertex x with deg(x) < 2. Since B = V(Ksyx )\ (Vx U N(x)) then
|[V(B)| = 6. Since P = Py, is the longest of B, then xa, xb & E(G,). Next, since L = V(B)\(V, U V},) where V(B) is a subset of B
which induced subgraph by G, so that |V (L)| = 2, then there are exist at least two vertices, namely ¢ and d, with ¢, d € (G,[L]).
A a consequence, since these all edges ab, bc, cd, da € E(G,) and xc,xd & E(G,) then these all vertices a, b, ¢ and d will form a
cycle C, in G,, such that G, contain W, := C, + {x} as a subgraph. Therefore, ms(Ps, W,) < 2.

Case 3. Forn = 6.

Suppose s = l?] We will show the upper bound of mg(B,, W,) = 2 for = 6 . Let F®F, be the any factorization of
F = Kgy (s—1) such that F; consist of two partitions, namely J; and J,, with /; contain complete multipartite graph and J, is

complement of J;. Since [V(J;)| =n—1<nand |V(J,)| =5 l@
F; consist of two partitions, then clearly that F, contains no W, as a subgraph. Therefore, mg(B,, W,) = s.

— (n—1) < n, then F; contains no P, as a subgraph. Since

Next, to show the upper bound of mg(B,, W,) < s. Let G;®G, be the any factorization of G = K, such that G,contains
no B, as a subgraph for n = 6. Assume that G, contain longest path, namely P = aP,. We will show that G, contain W, as a
subgraph so that, we consider four possibilities.

Case3.1.IfV, =V,and V. =V, .
Let P be the set of vertices in Gy, then A = V(Ksx s)\(V, U N(P)). Next, Suppose Q = cQ, is the longest path in G,
which induced G[A] and B = V(A)\(VC U N(Q)). Since ac, cb, bd,da € E(G,), then the all vertices a, b, c and d ca be form a

cycle C, in G,. Furthermore, since 5 l?] —2(n — 1) with §(G,) = 1, so that there is one vertex x in V(G,)\(V}, U V) such

that x adjacent to all edges ac,cb, bd,da € E(G,). As a consequence, G, contain W, :=C, + {x} as a subgraph. Therefore,
ms(Pn, W4) <s.
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Case3.2.IfV, =V, and V, # V.

Let P be the set of vertices in Gy, then A = V(Ksx 5 )\(V, U N(P)). Next, Suppose Q = cQ is the longest path in G,
which induced G[A] and B = V(A\(V. U V; U N(Q)). Since ac, ¢b, bd, da & E(G,), then all edges ac, cb,bd, da will form C,
in G,. So, since 5 l?] — 2(n — 1) with 6(G,) = 1, such that there is exist one vertex x in G,(V, U V. U V;) which this implies
of x adjacent to all edges ad, db, bc, ca € E(G,). Hence, G, contain W, := C, + {x} as a subgraph. Therefore, ms(B, W,) < s.
Case33.IfV, #V,and V. =V,

Let P be the set of vertices in G,, then A = V(K S)\(Va uv,u N(P)). Next, Suppose Q = cQy is the longest path in G,
which induced G[A] and B = V(A)\(Vd U N(Q)). Since ac, cb, bd, da & E(G,), then the all these vertices a, b, ¢, d will be form
cycle C4 in G,. Since 5 l@] —2(n — 1) with §(G,) = 1, such that there is exist one vertex x in G,\(V, U V,, U V;) which this

implies of x adjacent to all sisi ac, cb, bd, da € (G,). Thus, G, contain W, := C, + {x} as a subgraph. Therefore, ms(B,, W,) <
s.

Case34.IfV, #V,and V. = V.

Let P be the set of vertices in Gy, then A = V(Ksx 5)\(V, U V, U N(P)). Next, Suppose Q = cQq is the longest path in G,
which induced G[A] and B = V(A4)\ (VC uu N(Q)). Since ac, cb, bd, da & E(G,), such that the all these vertices a, b, ¢, and

d will be form cycle C, in G,. Since 5 ?J — 2(n — 1) with §(G,) = 1, such that there is one vertex x in G,\(V, U V, U V, U

V) which this implies of x adjacent to all vertices ac, cb, bd, da € E(G,). Hence, G, contain W, := C, + {x} as a subgraph.
Therefore, ms(B,, W,) < s.

IV. CONCLUSIONS
In this paper, we obtain the size multipartite Ramsey numbers for m;(K; ,, W,) for j = 4,5 and mg(P,, W,) withn = 2.
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