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Abstract – For given two any graph 𝐇 and 𝐆, 𝐭he size multipartite Ramsey number 𝐦𝐣ሺ𝐇, 𝐆ሻ is the smallest integer t such that for 

every factorization of graph Kj×t := F1 ⊕F2 so that 𝐅𝟏 contain 𝐇 as a subgraph or 𝐅𝟐 contains 𝐆 as a subgraph. In this paper, we 
determine 𝐦𝐣ሺ𝐊𝟏,𝐧, 𝐖𝟒ሻ with 𝐣 ൌ 𝟒, 𝟓 and 𝐦𝟓ሺ𝐏𝐧, 𝐖𝟒ሻ for 𝐧 ൒  𝟐 where  𝐊𝟏,𝐧 denotes  a star on n+1 vertices, 𝐏𝐧 denotes  a path on n 

vertices, and W4 denotes  a wheel on 4 vertices. 
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I. INTRODUCTION 

Let G=(V,E) be a graph with the vertex-set V(G) and edge-set E(G). All graphs in this paper are finite and simple. Degree 
of a vertex 𝑣 is the number of vertices adjacent to 𝑣, denoted 𝑑𝑒𝑔ሺ𝑣ሻ. So, the neighborhood 𝑁ሺ𝑣ሻ of a vertex v is the set of 
vertices adjacent to v in G. The minimum degree and maximum degree of  G is denoted by 𝛿ሺ𝐺ሻ and ∆ሺ𝐺ሻ, respectively. For any 
set 𝑆 ⊆ 𝑉ሺ𝐺ሻ, the induced subgraph G[S] of G by S is the maximal subgraph of G with the vertex-set S. If 𝑒 ൌ 𝑢𝑣 ∈ 𝐸ሺ𝐺ሻ then u 
is called adjacent to v. A graph G is said to be factorable into factors 𝐺ଵ, ⋯ , 𝐺௡ if these factors are pairwise edge-disjoint and 
∪௜ୀଵ

௡  𝐸ሺ𝐺௜ሻ ൌ 𝐸ሺ𝐺ሻ. If G is factored into 𝐺ଵ, ⋯ , 𝐺௡, then 𝐺 ൌ 𝐺ଵ ⊕ ⋯ ⨁𝐺௡, which is called a factorization of G. 

A star 𝐾ଵ,௡ is the graph on 𝑛 ൅ 1 vertices with one vertex of degree n, called the center, and n vertices of degree 1. A path 

𝑃௡ is the graph on 𝑛 ൒ 2 vertices with two vertices of degree 1, and n-2 vertices on of degree 2. A cycle 𝐶௡ is a 2-reguler 
connected graph. A wheel 𝑊௡ ≅ 𝐶௡ ൅ ሼ𝑥ሽ is a graph on n vertices with the hub 𝑥 which adjacent to all vertices in 𝐶௡. Define 𝑎𝑃௕ 
is a path with 𝑎 as initial vertex and 𝑏 as terminal vertex.   

The notion of size multipartite Ramsey numbers were introduced by Burger and Vuuren [3] in  2004, and Syafrizal et al. 
by considering the two factorization of a 𝐾௝ൈ௧ by fixing the size j of the uniform multipartite sets. More precisely, For given two 

graphs G1 and G2, and integer 𝑗 ൒ 2, the size multipartite Ramsey numbers 𝑚௝ሺ𝐺ଵ, 𝐺ଵଶሻ ൌ 𝑡 is the smallest integer such that every 

factorization of graph 𝐾௝ൈ௧ ≔ 𝐹ଵ⨁𝐹ଶ satisfies the following condition: either 𝐹ଵ contains 𝐺ଵ as a subgraph or 𝐹ଶ contains 𝐺ଶ as a 

subgraph. Ramsey numbers of small paths versus cycle of three or four vertices have been studied by Syafrizal Sy [6]. 

There are only few results on the size multipartite Ramsey numbers mj(G,H). In this paper, we consider a generalization of 
this concept by releasing completeness requirement in the forbidden graphs as follows.  Syafrizal Sy [7] determined the exact 
values of the size multipartite Ramsey numbers of large path versus wheel on five vertices. The size multipartite Ramsey numbers 

𝑚௝ሺ𝐾ଵ,௠, 𝑃௡ሻ and 𝑚ଶ൫𝐾ଵ,௠, 𝐶௡൯ was studied by Lusiani et al. [5]. The size multipartite Ramsey numbers 𝑚௝൫𝐾ଵ,௧, 𝑃ଷ൯ ൌ 𝑛 for 
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𝑗, 𝑛 ൒  3 studied by Baqi et al. [1]. Furthermore, Baskoro et al. [2] studied size multipartite Ramsey numbers for star and cycle 
𝑚௝ሺ𝑠௠, 𝐶௡ሻ for 3 ൑  𝑛 ൑  𝑗 and 𝑚 ൒  3. Effendi et al. [4] determined size multipartite Ramsey numbers for combination path and 

wheel on four vertices 𝑚ଷሺ𝑃௡, 𝑊ସሻ for 𝑛 ൒  3. The aim of this paper is determined 𝑚௝൫𝐾ଵ,௡, 𝑊ସ൯ with 𝑗 ൌ 4,5 and 𝑚ହሺ𝑃௡, 𝑊ସሻ for 

𝑛 ൒  2. In this note, we prove the following theorem. 

II. SIZE RAMSEY NUMBERS RELATED TO  𝐊𝟏,𝐧 AND  𝐖𝟒 

We will determine the size multipartite Ramsey numbers for star versus wheel on 4 vertices as the following theorem.  

Theorem 3.1. For positive integer  𝑛 ൒ 2, 

𝑚ସ൫𝐾ଵ,௡, 𝑊ସ൯ ൌ ൞

        2                          𝑓𝑜𝑟 𝑛 ൌ 2,
       3                         𝑓𝑜𝑟 𝑛 ൌ 3,

 ඌ
𝑛 െ 1

3
ඐ ൅ 2            𝑓𝑜𝑟 𝑛 ൒ 4.

 

Proof. We consider three cases as follow. 

Case 1. For 𝑛 ൌ 2. 

 The first, we determine the lower bound 𝑚ସ൫𝐾ଵ,ଶ, 𝑊ସ൯ ൒ 2. Let 𝐹ଵ⨁𝐹ଶ be the factorization of graph 𝐹 ൌ 𝐾ସൈଵ such that 

𝐹ଵ contains no 𝐾ଵ,ଶ as subgraph. We assume that 𝐹ଵ contains a perfect matching 𝑀 ൌ ሼ𝑎ଵଵ𝑎ଶଵ, 𝑎ଷଵ𝑎ସଵሽ. Let 𝑎ଶଵ ∈ 𝑉ଶ be a hub of 

wheel 𝑊ସ and let 𝑁ሺ𝑥ሻ be the set of vertices adjacent to 𝑥 in 𝐹ଵ, then ห𝑉ሺ𝐹ଵሻ\൫𝑉ଶ ∪  𝑁ሺ𝑥ሻ൯ห ൏ | 𝑉ሺ𝐶ସሻ|. Clearly that 𝐹ଶ contains 

no 𝑊ସ as a subgraph. Therefore, 𝑚ସ൫𝐾ଵ,௡, 𝑊ସ൯ ൒ 2. 

Next, we will determined of upper bound 𝑚ସ൫𝐾ଵ,ଶ, 𝑊ସ൯ ൑ 2. Let 𝐺ଵ⨁𝐺ଶ be any the factorization of 𝐺 ൌ 𝐾ସൈଶ such that 𝐺ଵ 

contains no 𝐾ଵ,ଶ as a subgraph. We will show that 𝐺ଶ contain 𝑊ସ as a subgraph. Let 𝑉௜ ൌ ሼ𝑎௜ଵ, 𝑎௜ଶሽ for 𝑖 ൌ 1, 2, 3, 4 be the partite 

set of 𝐺. Since 𝐺ଵ contains no 𝐾ଵ,ଶ then ∆ሺ𝐺ଵሻ ൑ 1. Assume that 𝐺ଵ contains perfect matching 𝑀ଵ ൌ ሼ𝑎ଵଵ𝑎ସଵ,  𝑎ଵଶ𝑎ଶଵ,
𝑎ଶଶ𝑎ଷଶ,  𝑎ଷଵ𝑎ସଶሽ. Suppose partite 𝑉ସ contain vertex 𝑥 ൌ 𝑎ସଶ as the center of 𝑊ସ. Hence, these all vertices 𝑎ଵଵ, 𝑎ଶଶ, 𝑎ଵଶ, and 
𝑎ଷଶ will form cycle on four vertices where the set of vertices is 𝐶ସ ∶ൌ 𝑎ଵଵ, 𝑎ଶଶ, 𝑎ଵଶ , 𝑎ଷଶ, 𝑎ଵଵ in 𝐺ଶ. As a consequence, 𝐺ଶ contain 

𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ as a subgraph. Therefore, 𝑚ସ൫𝐾ଵ,௡, 𝑊ସ൯ ൑ 2. 

Case 2. For 𝑛 ൌ 3. 

We will show first that of the lower bound 𝑚ସ൫𝐾ଵ,ଷ,  𝑊ସ൯ ൒ 3. Let 𝐹ଵ⨁𝐹ଶ be a factorization of 𝐹 ൌ 𝐾ସൈଶ such that 𝐹ଵ 

contains no 𝐾ଵ,ଷ as a subgraph. Let 𝑉௜ ൌ ሼ𝑎௜ଵ,  𝑎௜ଶሽ for 𝑖 ൌ 1, 2, 3, 4 be the partite set of 𝐹. Thus, 𝐹ଵ contains no 𝐾ଵ,ଷ as a subgraph. 

Assume that 𝐹ଵ ൌ 2𝐶ସ with 𝑉ሺ𝐶ସ
ଵሻ ൌ ሼ𝑎ଵଵ, 𝑎ଶଶ, 𝑎ଷଵ, 𝑎ସଵ, 𝑎ଵଵሽ and 𝑉ሺ𝐶ସ

ଶሻ ൌ ሼ𝑎ଵଶ, 𝑎ଶଵ, 𝑎ଷଶ, 𝑎ସଶ, 𝑎ଵଶሽ. Take vertex 𝑥 ∈  𝑉ଵ as a hub 
of wheel 𝑊ସ and 𝑁ሺ𝑥ሻ is the set of vertices adjacent to 𝑥 in 𝐹ଵ, so that |𝑉ሺ𝐹ሻ\ሺ𝑉ଵ ∪  𝑁ሺ𝑥ሻሻ| ൏ |𝐸ሺ𝐶ସሻ|. Thus, 𝐹ଶ contains no 

𝑊ସ as a subgraph. Therefore, 𝑚ସ൫𝐾ଵ,ଷ, 𝑊ସ൯ ൒ 3. 

Next, to show the upper bound of 𝑚ସ൫𝐾ଵ,ଷ, 𝑊ସ൯ ൑ 3. Let 𝐺ଵ⨁𝐺ଶ be the any factorization of 𝐺 ൌ 𝐾ସൈଷ such that 𝐺ଵ 

contains no  𝐾ଵ,ଷ as a subgraph. We will show that 𝐺ଶcontain 𝑊ସ as a subgraph. Let 𝑉௜ ൌ ሼ𝑎௜ଵ, 𝑎௜ଶ, 𝑎௜ଷሽ for 𝑖 ൌ 1, 2, 3, 4 be the 

partite set of 𝐺. Since 𝐺ଵcontains no 𝐾ଵ,ଷ, then ∆ሺ𝐺ଵሻ ൑ 2. Assume that 𝐺ଵ contain 𝐶ଵଶwith 

𝑉ሺ𝐶ଵଶሻ ൌ ሼ𝑎ଵଵ,  𝑎ଶଷ, 𝑎ଷଷ,  𝑎ଵଷ,  𝑎ଶଵ,  𝑎ସଶ,  𝑎ଷଶ, 𝑎ଵଶ,  𝑎ସଵ,  𝑎ଶଶ,  𝑎ସଷ,  𝑎ଷଵ,  𝑎ଵଵሽ. Suppose vertex 𝑥 ൌ 𝑎ଶଵ as a hub of wheel  𝑊ସ in 𝐺ଶ. 
Let 𝑁ሺ𝑥ሻ be the set of vertices adjacent to 𝑥 in 𝐺ଵ, such that 𝐺ଶሾ𝑉ሺ𝐺ሻ\ሺ 𝑉ଶ ∪ 𝑁ሺ𝑥ሻሻሿ has 7 vertices. Thus, we have the set of 
vertices of cycle 𝐶ସ ∶ൌ 𝑎ଵଶ, 𝑎ଷଷ,  𝑎ସଵ, 𝑎ଷଵ, 𝑎ଵଶ in 𝐺ଶ. So, we have wheel 𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ as a subgraph in 𝐺ଶ. Therefore, 

𝑚ସ൫𝐾ଵ,ଷ, 𝑊ସ൯ ൑ 3. 

Case 3. For 𝑛 ൒ 4. 

 Suppose 𝑝 ൌ  ቔ
௡ିଵ

ଷ
ቕ ൅ 2. We will show first the lower bound 𝑚ସ൫𝐾ଵ,௡,  𝑊ସ൯ ൒ 𝑝. Let 𝐹ଵ⨁𝐹ଶ be the any factorization of 

𝐹 ൌ 𝐾ସൈሺ௣ିଵሻ such that 𝐹ଶ contains no 𝑊ସ as a subgraph. Let 𝑉௜ ൌ ሼ𝑎௜௝ሽ for 𝑖 ൌ  1, 2, 3 and 𝑗 ൌ  1, 2, 3, 4, ⋯ , 𝑝 െ 1 be the 

partite sets in 𝐹. Since 𝐹ଶ contains no 𝑊ସ as a subgraph, then the maximal degree is 3 for every 𝑎௜௝ ∈  𝑉ሺ𝐹ଵሻ. Suppose vertex 
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𝑥 ∈ 𝑉௜ is a center of 𝐾ଵ,௡, then clearly that 𝐹ଵ contains no 𝐾ଵ,௡ as a subgraph. Since 𝑉ሺ𝐹ሻ ൌ 3 ቔ
௡ିଵ

ଷ
ቕ then 𝑉ሺ𝐹ଵሻ ൌ  3 ቔ

௡ିଵ

ଷ
ቕ െ 3 ൏

𝑉ሺ𝐾ଵ,௡ሻ. Therefore, 𝑚ସ൫𝐾ଵ,௡,  𝑊ସ൯ ൒ 𝑝. 

Next, to show the upper bound of 𝑚ସ൫𝐾ଵ,௡,  𝑊ସ൯ ൑ 𝑝. Let 𝐺ଵ⨁𝐺ଶ be the factorization of 𝐺 ൌ 𝐾ସൈ௣ such that 𝐺ଵ contains 

no 𝐾ଵ,௡ as a subgraph. We will to show that 𝐺ଶ contain 𝑊ସ as a subgraph. Let 𝑉௜ ൌ ሼ𝑎௜௝ሽ be the partite set of 𝐺 for 𝑖 ൌ  1, 2, 3, 4 

and 𝑗 ൌ  1, 2, 3, 4, ⋯ , 𝑝. Since 𝐺ଵ contains no 𝐾ଵ,௡, then ∆ሺ𝐺ଵሻ ൑ 𝑛 െ 1 in 𝐺ଵ. Suppose there is exist a one vertex 𝑥 ∈ 𝑉௜  as a 

hub of  𝑊ସ in 𝐺ଵ. Let 𝑁ሺ𝑥ሻ be the set of all vertices adjacent to x in 𝐺ଵ, then 𝐺ଶሾ𝑉ሺ𝐺ሻ\ሺ𝑉௜ ∪  𝑁ሺ𝑥ሻሻሿ has 3𝑝 െ ሺ𝑛 െ 1ሻ vertices, 
and minimum degree δሺ𝐺ଶሾ𝑉ሺ𝐺ሻ\ 𝑉௜ ∪  𝑁ሺ𝑥ሻሿሻ ൒  3𝑝 െ ሺ𝑛 െ 1ሻ. Since there exist at least  four vertices, namely 𝑎, 𝑏, 𝑐, and 𝑑 

will contain cycle 𝐶ସ in 𝐺ଶ t at least, then 𝐺ଶ contain 𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ as a subgraph. Therefore, 𝑚ସ൫𝐾ଵ,௡,  𝑊ସ൯ ൑ 𝑝. 

Theorem 3.2. For positive integer 𝑛 ൒ 2, 

𝑚ହ൫𝐾ଵ,௡, 𝑊ସ൯ ൌ

⎩
⎪
⎨

⎪
⎧

1                         𝑓𝑜𝑟 𝑛 ൌ 2,

                 ቔ
𝑛
4

ቕ ൅ 1           𝑓𝑜𝑟 𝑛 ൌ 8𝑘 ൅ 2, 𝑘 ∈ ℤା,

 ඌ
𝑛 ൅ 2

4
ඐ ൅ 1            𝑓𝑜𝑟  𝑛  𝑜𝑡ℎ𝑒𝑟𝑠.

 

Proof. We consider three cases as follow. 

Case 1. For 𝑛 ൌ 2. 

We will show first the lower bound of 𝑚ହ൫𝐾ଵ,ଶ, 𝑊ସ൯ ൒ 1. Let 𝐹ଵ⨁𝐹ଶ be the any factorization of 𝐹 ൌ 𝐾ହൈሺଵିଵሻ. Clearly that 

𝑚ହ൫𝐾ଵ,ଶ, 𝑊ସ൯ ൒ 1.  

Next, to show the upper bound of 𝑚ହ൫𝐾ଵ,ଶ, 𝑊ସ൯ ൑ 1. Let 𝐺ଵ⨁𝐺ଶ be the any factorization of 𝐺 ൌ 𝐾ହൈଵ such that 𝐺ଵ 

contains no 𝐾ଵ,ଶ as a subgraph. We will show that 𝐺ଶ contain 𝑊ସ as a subgraph. Let 𝑉௜ ൌ ሼ𝑎௜௝ሽ for 𝑖 ൌ  1, 2, 3, 4, 5 be the partite 

set in 𝐺. Since 𝐺ଵ contains no 𝐾ଵ,ଶ, then ∆ሺ𝐺ଵሻ ൑ 1. Assume that 𝐺ଵ contain a matching 𝑀ଶ ∶ൌ ሼ𝑎ଶଵ𝑎ଷଵ, 𝑎ସଵ𝑎ଵଵሽ such that there 

exist one vertex 𝑥 ൌ 𝑎ଵଵ as a center of 𝑊ସ. Since |𝑉ሺ𝐺ଵሻ\ 𝑥| ൌ 4, then there the vertex set of cycle 𝐶ସ ∶ൌ 𝑎ଶଵ, 𝑎ହଵ, 𝑎ଷଵ, 𝑎ସଵ, 𝑎ଶଵ in 

𝐺ଶ. So, 𝐺ଶ will contain 𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ as a subgraph. Therefore, 𝑚ହ൫𝐾ଵ,ଶ, 𝑊ସ൯ ൑ 1. 

Case 2. For 𝑛 ൌ 8𝑘 ൅ 2, 𝑘 ∈ ℤା. 

We will show first the lower bound of 𝑚ହ൫𝐾ଵ,௡, 𝑊ସ൯ ൒  ቔ
௡

ସ
ቕ ൅ 1 for 𝑛 ൌ 8𝑘 ൅ 2, 𝑘 ∈ ℤା. Let 𝐹ଵ⨁𝐹ଶ be the any 

factorization of 𝐹 ൌ 𝐾ହൈቔ
೙
ర

ቕ such that 𝐹ଶcontains no 𝑊ସ as a subgraph. Let 𝑉௜ ൌ ሼ𝑎௜௝ሽ be the partite set of F for 𝑖 ൌ  1, 2, 3, 4, 5 

and 𝑗 ൌ  1, 2, 3, 4, ⋯ , ቔ
௡

ସ
ቕ. Since 𝐹ଶ contains no 𝑊ସ as a subgraph, then maximal degree is 3 for every 𝑎௜௝ ∈  𝑉ሺ𝐹ሻ. Suppose 

𝑥 ∈  𝑉௜ is the center of 𝐾ଵ,௡. Since 𝑑𝑒𝑔ሺ𝐹ሻ ൌ 4 ቔ
௡

ସ
ቕ, then 𝑑𝑒𝑔ሺ𝐹ଵሻ ൌ  4 ቔ

௡

ସ
ቕ െ 3 ൏  𝑑𝑒𝑔ሺ𝐾ଵ,௡ሻ. As a consequence, 𝐹ଵ contains no 

𝐾ଵ,௡ as a subgraph. Therefore, 𝑚ହ൫𝐾ଵ,௡, 𝑊ସ൯ ൒  ቔ
௡

ସ
ቕ ൅ 1 for 𝑛 ൌ 8𝑘 ൅ 2, 𝑘 ∈ ℤା. 

Next, to show the upper bound of 𝑚ହ൫𝐾ଵ,௡, 𝑊ସ൯ ൑  ቔ
௡

ସ
ቕ ൅ 1 for 𝑛 ൌ 8𝑘 ൅ 2, 𝑘 ∈ ℤା. Let 𝐺ଵ⨁𝐺ଶ be the any factorization of 

𝐺 ൌ 𝐾ହൈቔ
೙
ర

ቕାଵ  such that 𝐺ଵ contains no 𝐾ଵ,௡ as a subgraph. We will show that 𝐺ଶ contain 𝑊ସ as a subgraph. Let 𝑉௜ ൌ ሼ𝑎௜௝ሽ be 

partite set of 𝐺 for 𝑖 ൌ  1, 2, 3, 4, 5 and 𝑗 ൌ  1, 2, 3, 4, ⋯ , ቔ
௡

ସ
ቕ ൅ 1. Since 𝐺ଵcontains no 𝐾ଵ,௡ as a subgraph, then ∆ሺ𝐺ଵሻ ൑ 𝑛 െ

1 for 𝑛 ൌ 8𝑘 ൅ 2, such that the partite 𝑉௜ contain one vertex 𝑥 ൌ 𝑎௜௝ with 𝑑𝑒𝑔ሺ𝑥ሻ ൌ 𝑛 െ 2 as a hub of 𝑊ସ in 𝐺ଶ. Let 𝑁ሺ𝑥ሻ be 

vertex set adjacent to x in 𝐺ଵ. Since 𝐺ଶሾ𝑉ሺ𝐺ሻ\ ሺ𝑉௜ ∪ 𝑁ሺ𝑥ሻሻሿ is 4 ቔ
௡

ସ
ቕ ൅ 1 െ ሺ𝑛 െ 2ሻ vertices. As a consequence, there are four 

vertices 𝑎, 𝑏, 𝑐, and 𝑑 will form cycle 𝐶ସ in 𝐺ଶ, such that 𝐺ଶ contain 𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ. Therefore, 𝑚ହ൫𝐾ଵ,௡, 𝑊ସ൯ ൒  ቔ
௡

ସ
ቕ ൅ 1. 
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Case 3 . For other 𝑛. 

We will show first the lower bound of 𝑚ହ൫𝐾ଵ,௡, 𝑊ସ൯ ൒ ቔ
௡ାଶ

ସ
ቕ ൅ 1 for other 𝑛. Let 𝐹ଵ⨁𝐹ଶ be the any factorization of 

𝐹 ൌ 𝐾ହൈቔ
೙శమ

ర
ቕ such that, 𝐹ଶ contains no 𝑊ସ as a subgraph. Let 𝑉௜ ൌ ሼ𝑎௜௝ሽ be the partite set of 𝐹 for 𝑖 ൌ  1, 2, 3, 4 and 𝑗 ൌ  1, 2,

3, 4, ⋯ , ቔ
௡ାଶ

ସ
ቕ. Since 𝐹ଶ contains no 𝑊ସ as a subgraph, then the maximal degree for 𝑎௜௝ ∈  𝑉ሺ𝐹ሻ is 3. Since 𝑥 ∈  𝑉௜ is a center of 

𝐾ଵ,௡ and 𝑑𝑒𝑔ሺ𝐹ሻ ൌ 4 ቔ
௡ାଶ

ସ
ቕ, then 𝑑𝑒𝑔ሺ𝐹ଵሻ ൌ  4 ቔ

௡ାଶ

ସ
ቕ െ 3 ൏  𝑑𝑒𝑔ሺ𝐾ଵ,௡ሻ. Clearly that, 𝐹ଵ contains no 𝐾ଵ,௡ for other 𝑛 as a 

subgraph. Therefore,  𝑚ହ൫𝐾ଵ,௡, 𝑊ସ൯ ൒ ቔ
௡ାଶ

ସ
ቕ ൅ 1 for other 𝑛. 

Next, to show the upper bound of 𝑚ହ൫𝐾ଵ,௡, 𝑊ସ൯ ൑ ቔ
௡ାଶ

ସ
ቕ ൅ 1 for other 𝑛.  Let 𝐺ଵ⨁𝐺ଶ be the any factorization of 𝐺 ൌ

𝐾ହൈቔ
೙శమ

ర
ቕାଵ such that 𝐺ଵ contains no 𝐾ଵ,ଶ as a subgraph. To show that  𝐺ଶ contain 𝑊ସ as a subgraph, suppose 𝑉௜ ൌ ሼ𝑎௜௝ሽ for 

𝑖 ൌ  1, 2, 3, 4, 5 and 𝑗 ൌ  1, 2, 3, 4, ⋯ , ቔ
௡ାଶ

ସ
ቕ ൅ 1  is a partite set of 𝐺. Since 𝐺ଵcontains no 𝐾ଵ,௡ as a subgraph, then ∆ሺ𝐺ଵሻ ൑

𝑛 െ 1 for other 𝑛. Suppose 𝑥 ∈ 𝑉௜ is a hub of 𝑊ସ. Since 𝑁ሺ𝑥ሻ is the set of vertices adjacent to x in 𝐺ଵ, then  𝐺ଶሾ𝑉ሺ𝐺ሻ\ሺ𝑉௜ ∪

 𝑁ሺ𝑥ሻሻሿ has 4 ቀቔ
௡ାଶ

ସ
ቕ ൅ 1ቁ   െ ሺ𝑛 െ 1ሻ vertices and 𝛿ሺ𝐺ଶሻ ൒  4 ቀቔ

௡ାଶ

ସ
ቕ ൅ 1ቁ   െ ሺ𝑛 െ 1ሻ. As a consequence, all these vertices 𝑎, 𝑏, 

𝑐, and 𝑑 will form cycle 𝐶ସ in 𝐺ଶ, such that 𝐺ଶ contain 𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ as a subgraph. Therefore,  𝑚ହ൫𝐾ଵ,௡, 𝑊ସ൯ ൑ ቔ
௡ାଶ

ସ
ቕ ൅ 1. 

III. SIZE RAMSEY NUMBERS RELATED TO  𝐏𝐧 AND  𝐖𝟒 

We will determine the size multipartite Ramsey numbers for path versus wheel on 4 vertices as the following theorem.    

Theorem 4.1. For positive integer 𝑛 ൒ 2, 

   𝑚ହሺ𝑃௡, 𝑊ସሻ ൌ ൞

                1                          𝑓𝑜𝑟 2 ൑ 𝑛 ൑ 3,
               2                         𝑓𝑜𝑟 4 ൑ 𝑛 ൑ 5,

 ቔ
ଶ௡ାଷ

ହ
ቕ                     𝑓𝑜𝑟  𝑛 ൒ 6.

 

Proof. We consider three cases as follow. 

Case 1. For 2 ൑ 𝑛 ൑ 3. 

We will show first that the lower bound of 𝑚ହሺ𝑃௡, 𝑊ସሻ ൒ 1. Let 𝐹ଵ⨁𝐹ଶ be the any factorization of 𝐹 ൌ 𝐾ହൈሺଵିଵሻ. Clearly 

that, 𝑚ହሺ𝑃௡, 𝑊ସሻ ൒ 1 for 2 ൑ 𝑛 ൑ 3 . 

To show the upper bound of 𝑚ହሺ𝑃ଶ, 𝑊ସሻ ൑ 1. Let 𝐺ଵ⨁𝐺ଶ be the any factorization of 𝐺 ൌ 𝐾ହൈଵ such that 𝐺ଵ contains no 𝑃ଶ 
as a subgraph. We will show that 𝐺ଶ contain 𝑊ସ as a subgraph. Suppose 𝑉௜ ൌ ሼ𝑎௜ଵሽ  for 𝑖 ൌ 1, 2, 3, 4, 5 is a partite set of 𝐺. Since 
𝐺ଵcontains no 𝑃ଶ as a subgraph, then 𝐺ଵis contain independent vertices. Clearly that, |𝑉ሺ𝐺ଵሻ\𝑉௜| ൌ 4, thus 𝐺ଶ contain cycle 
𝐶ସ ∶ൌ 𝑎ଵଵ 𝑎ସଵ 𝑎ଷଵ 𝑎ହଵ 𝑎ଵଵ, so that 𝐺ଶ contain 𝑊ସ as a subgraph. Therefore, 𝑚ହሺ𝑃ଶ, 𝑊ସሻ ൑ 1. 

Next, to show the upper bound of 𝑚ହሺ𝑃ଷ, 𝑊ସሻ ൑ 1. Let 𝐺ଵ⨁𝐺ଶ be the any factorization of 𝐺 ൌ 𝐾ହൈଵ such that 𝐺ଵ contains 
no 𝑃ଷ as a subgraph. We will show that 𝐺ଶ contain 𝑊ସ as a subgraph. Suppose 𝑉௜ ൌ ሼ𝑎௜ଵሽ is a partite set in 𝐺 for 𝑖 ൌ 1, 2, 3, 4, 5. 
Since 𝐺ଵcontains no 𝑃ଷ as a subgraph, we assume 𝐺ଵ contain a matching 𝑀ଶ ൌ ሼ𝑎ଵଵ𝑎ଷଵ, 𝑎ହଵ𝑎ସଵሽ. So, there is exist one vertex, 
namely 𝑥 ൌ 𝑎ଶଵ, as a hub of 𝑊ସ. Since |𝑉ሺ𝐺ଵሻ\𝑉௜| ൌ 4, then there exist 𝐶ସ ∶ൌ 𝑎ଵଵ 𝑎ସଵ𝑎ଷଵ𝑎ହଵ 𝑎ଵଵ in 𝐺ଶ. Clearly that, vertex x 
adjacent to all vertices in 𝐺ଶ. Hence, 𝐺ଶ contain 𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ as a subgraph. Therefore, 𝑚ହሺ𝑃ଷ, 𝑊ସሻ ൑ 1. 

Case 2. For 4 ൑ 𝑛 ൑ 5. 

We will show first that the lower bound of 𝑚ହሺ𝑃௡, 𝑊ସሻ ൒ 2 for 4 ൑ 𝑛 ൑ 5. Let 𝐹⨁𝐹ଶ be the any factorization of 𝐹 ൌ
𝐾ହൈሺଶିଵሻ such that 𝐹ଵ contain no 𝑃௡ as a subgraph. Suppose 𝑉௜ ൌ ሼ𝑎௜ଵሽ is the partite set in 𝐹 for 𝑖 ൌ 1, 2, 3, 4, 5. Since 𝐹ଵ contains 

no 𝑃௡ as a subgraph and |𝑉ሺ𝐹ଶሻ\ 𝑉௜| ൏ |𝑉ሺ𝐶ସሻ|, then clearly that 𝐹ଶ contains no 𝑊ସ as a subgraph. Therefore, 𝑚ହሺ𝑃௡, 𝑊ସሻ ൒ 2. 

Next, to show the upper bound of 𝑚ହሺ𝑃ସ, 𝑊ସሻ ൑ 2. Let 𝐺ଵ⨁𝐺ଶ be the any factorization of 𝐺 ൌ 𝐾ହൈଶ such that 𝐺ଵ contain 
no 𝑃ସ as a subgraph. To show 𝐺ଶ contain 𝑊ସ, we consider two the following. 
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Case 2.1. If 𝐺ଵ ൌ 3𝐾ଷ ∪ 𝑃ସ. 

 Let 𝑉௜ ൌ ሼ𝑎௜ଵ, 𝑎௜ଶሽ be the partite set of G for 𝑖 ൌ  1, 2, 3, 4, 5. Suppose 𝑉ሺ𝐾ଷ
ଵሻ ൌ ሼ𝑎ଵଵ, 𝑎ଶଶ, 𝑎ଷଵ, 𝑎ଵଵሽ, 

𝑉ሺ𝐾ଷ
ଶሻ ൌ ሼ𝑎ଵଶ, 𝑎ଶଵ, 𝑎ହଶ, 𝑎ଵଶሽ, 𝑉ሺ𝐾ଷ

ଷሻ ൌ ሼ𝑎ଷଶ, 𝑎ସଵ, 𝑎ହଵ, 𝑎ଷଶሽ is a graph 3𝐾ଷ and 𝑉ሺ𝑃ଵሻ ൌ 𝑎ସଵ in 𝐺ଵ. Since 𝐺ଵ contain no 𝑃ସ as a 
subgraph, then vertex 𝑉ሺ𝑃ଵሻ ൌ 𝑎ସଵ no adjacent to every vertices in 𝐺ଶ such that vertex 𝑎ସଵ is hub of 𝑊ସ, such that 𝐶ସ

∶ൌ 𝑎ଵଶ, 𝑎ଶଶ, 𝑎ଵହ, 𝑎ଷଵ, 𝑎ଵଶ in. Thus, 𝐺ଶ contain 𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ. Therefore 𝑚ହሺ𝑃ସ, 𝑊ସሻ ൑ 2 

Case 2.2. If 𝐺ଵ ് 3𝐾ଷ ∪ 𝑃ଵ. 

Since 𝐺ଵ contains no 3𝐾ଷ ∪ 𝑃ଵ, then there is exist 𝑥 one vertex x with 𝑑𝑒𝑔ሺ𝑥ሻ ൑ 1. Suppose 𝐴 ൌ 𝑉ሺ𝐾ହൈ ଶሻ\ ሺ𝑉௜ ∪  𝑁ሺ𝑥ሻሻ, 
such that |𝑉ሺ𝐴ሻ| ൒  7. Since 𝑃 ൌ 𝑎𝑃௕ is longest path in 𝐴, then 𝑥𝑎, 𝑥𝑏 ∉ 𝐸ሺ𝐺ଵሻ. Next, Suppose 𝐼 ൌ 𝑉ሺ𝐴ሻ\ሺ𝑉௔ ∪ 𝑉௕ሻ is the subset 
of induce subgraph 𝐺ଵሾ𝐴ሿ. Since |𝑉ሺ𝐼ሻ| ൒ 3, then there exist at leas two vertices, namely 𝑐 and 𝑑, where 𝑐, 𝑑 ∈ ሺ𝐺ଵሾ𝐼ሿሻ. Since 
𝑎𝑏, 𝑏𝑐, 𝑐𝑑, 𝑑𝑎 ∉  𝐸ሺ𝐺ଵሻ and 𝑥𝑑, 𝑥𝑐 ∉ 𝐸ሺ𝐺ଵሻ, then these all vertices 𝑎, 𝑏, 𝑐 and 𝑑 will form 𝐶ସ in 𝐺ଶ such that 𝐺ଶ contain 𝑊ସ

∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ. Therefore,  𝑚ହሺ𝑃ସ, 𝑊ସሻ ൑ 2. 

 Next, to show the upper bound of 𝑚ହሺ𝑃ହ, 𝑊ସሻ ൑ 2. Let 𝐺ଵ⨁𝐺ଶ be the any factorization of 𝐺 ൌ 𝐾ହൈଶ such that 𝐺ଵ 
contains no 𝑃ହ as a subgraph. We will show that 𝐺ଶ contain 𝑊ସ as a subgraph whit two the following cases. 

Case 2.3. If 𝐺ଵ ൌ 2𝐾ସ ∪ 𝑃ଶ. 

Suppose 𝑉௜ ൌ ሼ𝑎௜ଵ, 𝑎௜ଶሽ with 𝑖 ൌ 1, 2, 3, 4, 5 is a partite set in 𝐺. Since 𝐺ଵ contain 2𝐾ସ ∪ 𝑃ଶ as a subgraph, then we may 
assume that there exist a subgraph 2𝐾ସ ∪ 𝑃ଶ with 𝑉ሺ𝐾ସ

ଵሻ ൌ ሼ𝑎ଵଵ, 𝑎ଶଶ, 𝑎ଷଶ, 𝑎ହଵሽ, 𝑉ሺ𝐾ସ
ଶሻ ൌ  ሼ𝑎ଵଶ, 𝑎ଶଵ, 𝑎ସଵ, 𝑎ହଶሽ contain 2𝐾ସ, and 

𝑉ሺ𝑃ଶሻ ൌ  ሼ𝑎ଷଵ,  𝑎ସଶሽ in 𝐺ଵ, such that 𝑎ଷଵ will form a wheel 𝑊ସ whit x a as hub. A consequence, all these vertices 𝑎ଵଵ, 𝑎ଶଵ, 𝑎ହଵ, 𝑎ସଵ 
also no adjacent to all vertex in 𝐺ଵ, such that will form cycle 𝐶ସ in 𝐺ଶ. Hence, 𝐺ଶ contain 𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ as a subgraph. 
Therefore, 𝑚ହሺ𝑃ହ, 𝑊ସሻ ൑ 2. 

Case 2.4. If 𝐺ଵ ് 2𝐾ସ ∪ 𝑃ଶ. 

Since 𝐺ଵ contains no 2𝐾ସ ∪ 𝑃ଶ, then there exist one vertex 𝑥 with 𝑑𝑒𝑔ሺ𝑥ሻ ൑ 2. Since 𝐵 ൌ 𝑉ሺ𝐾ହൈ ଶሻ\ ሺ𝑉௫ ∪ 𝑁ሺ𝑥ሻሻ then 
|𝑉ሺ𝐵ሻ| ൒ 6. Since 𝑃 ൌ 𝑃௕ is the longest of 𝐵, then 𝑥𝑎, 𝑥𝑏 ∉ 𝐸ሺ𝐺ଵሻ. Next, since 𝐿 ൌ 𝑉ሺ𝐵ሻ\ሺ𝑉௔ ∪  𝑉௕ሻ where 𝑉ሺ𝐵ሻ is a subset of 𝐵 
which induced subgraph by  𝐺ଵ, so that |𝑉ሺ𝐿ሻ| ൒ 2, then there are exist at least two vertices, namely 𝑐 and 𝑑, with 𝑐, 𝑑 ∈ ሺ𝐺ଵሾ𝐿ሿሻ. 
A a consequence, since these all edges 𝑎𝑏, 𝑏𝑐, 𝑐𝑑, 𝑑𝑎 ∉ 𝐸ሺ𝐺ଵሻ and 𝑥𝑐, 𝑥𝑑 ∉ 𝐸ሺ𝐺ଵሻ then these all vertices 𝑎, 𝑏, 𝑐 and 𝑑 will form a 
cycle 𝐶ସ in 𝐺ଶ, such that 𝐺ଶ contain 𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ as a subgraph. Therefore, 𝑚ହሺ𝑃ହ, 𝑊ସሻ ൑ 2. 

Case 3. For 𝑛 ൒ 6. 

Suppose 𝑠 ൌ ቔ
ଶ௡ାଷ

ହ
ቕ. We will show the upper bound of 𝑚ହሺ𝑃௡, 𝑊ସሻ ൒ 2 for ൒ 6 . Let 𝐹⨁𝐹ଶ be the any factorization of 

𝐹 ൌ 𝐾ହൈ ሺ௦ିଵሻ such that 𝐹ଵ consist of two partitions, namely 𝐽ଵ and 𝐽ଶ, with 𝐽ଵ contain complete multipartite graph and  𝐽ଶ is 

complement of 𝐽ଵ. Since |𝑉ሺ𝐽ଵሻ| ൌ 𝑛 െ 1 ൏ 𝑛 and |𝑉ሺ𝐽ଶሻ| ൌ 5 ቔ
ଶ௡ାଷ

ହ
ቕ െ ሺ𝑛 െ 1ሻ ൏ 𝑛,  then 𝐹ଵ contains no 𝑃௡ as a subgraph. Since 

𝐹ଵ consist of two partitions, then clearly that 𝐹ଶ contains no 𝑊ସ as a subgraph. Therefore, 𝑚ହሺ𝑃௡, 𝑊ସሻ ൒  𝑠. 

Next, to show the upper bound of 𝑚ହሺ𝑃௡, 𝑊ସሻ ൑ 𝑠. Let 𝐺ଵ⨁𝐺ଶ be the any factorization of 𝐺 ൌ 𝐾ହൈ௦ such that 𝐺ଵcontains 
no 𝑃௡ as a subgraph for 𝑛 ൒ 6. Assume that 𝐺ଵ contain longest path, namely 𝑃 ൌ 𝑎𝑃௕. We will show that 𝐺ଶ  contain 𝑊ସ as a 
subgraph so that, we consider four possibilities.  

Case 3.1. If 𝑉௔ ൌ 𝑉௕ and 𝑉௖ ൌ 𝑉ௗ . 

Let 𝑃 be the set of vertices in 𝐺ଵ, then 𝐴 ൌ 𝑉ሺ𝐾ହൈ ௦ሻ\൫𝑉௕ ∪ 𝑁ሺ𝑃ሻ൯. Next, Suppose 𝑄 ൌ 𝑐𝑄ௗ is the longest path in 𝐺ଵ 

which induced 𝐺ሾ𝐴ሿ and 𝐵 ൌ 𝑉ሺ𝐴ሻ\൫𝑉௖ ∪ 𝑁ሺ𝑄ሻ൯. Since 𝑎𝑐, 𝑐𝑏, 𝑏𝑑, 𝑑𝑎 ∉  𝐸ሺ𝐺ଵሻ, then the all vertices 𝑎, 𝑏, 𝑐 and 𝑑 ca be form a 

cycle 𝐶ସ in 𝐺ଶ. Furthermore, since 5 ቔ
ଶ௡ାଷ

ହ
ቕ െ 2ሺ𝑛 െ 1ሻ with 𝛿ሺ𝐺ଶሻ ൒ 1, so that there is one vertex 𝑥 in 𝑉ሺ𝐺ଶሻ\ሺ𝑉௕ ∪ 𝑉௖ሻ such 

that 𝑥 adjacent to all edges 𝑎𝑐, 𝑐𝑏, 𝑏𝑑, 𝑑𝑎 ∈ 𝐸ሺ𝐺ଶሻ. As a consequence, 𝐺ଶ contain  𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ as a subgraph. Therefore, 
𝑚ହሺ𝑃௡, 𝑊ସሻ ൑ 𝑠. 
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Case 3.2. If 𝑉௔ ൌ 𝑉௕ and 𝑉௖ ് 𝑉ௗ. 

Let 𝑃 be the set of vertices in 𝐺ଵ, then 𝐴 ൌ 𝑉ሺ𝐾ହൈ ௦ ሻ\൫𝑉௕ ∪ 𝑁ሺ𝑃ሻ൯. Next, Suppose 𝑄 ൌ 𝑐𝑄ௗ is the longest path in 𝐺ଵ 

which induced 𝐺ሾ𝐴ሿ and 𝐵 ൌ 𝑉ሺ𝐴ሻ\൫𝑉௖ ∪ 𝑉ௗ ∪  𝑁ሺ𝑄ሻ൯. Since 𝑎𝑐, 𝑐𝑏, 𝑏𝑑, 𝑑𝑎 ∉ 𝐸ሺ𝐺ଵሻ, then all edges 𝑎𝑐, 𝑐𝑏,𝑏𝑑, 𝑑𝑎 will form 𝐶ସ 

in 𝐺ଶ. So, since 5 ቔ
ଶ௡ାଷ

ହ
ቕ െ 2ሺ𝑛 െ 1ሻ with 𝛿ሺ𝐺ଶሻ ൒ 1, such that there is exist one vertex 𝑥 in 𝐺ଶሺ𝑉௕ ∪ 𝑉௖ ∪ 𝑉ௗሻ which this implies 

of 𝑥 adjacent to all edges 𝑎𝑑, 𝑑𝑏, 𝑏𝑐, 𝑐𝑎 ∈ 𝐸ሺ𝐺ଶሻ. Hence, 𝐺ଶ contain 𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ as a subgraph. Therefore, 𝑚ହሺ𝑃௡, 𝑊ସሻ ൑ 𝑠 . 

Case 3.3. If 𝑉௔ ് 𝑉௕ and 𝑉௖ ൌ 𝑉ௗ 

Let 𝑃 be the set of vertices in 𝐺ଵ, then 𝐴 ൌ 𝑉ሺ𝐾ହൈ ௦ሻ\൫𝑉௔ ∪ 𝑉௕ ∪  𝑁ሺ𝑃ሻ൯. Next, Suppose 𝑄 ൌ 𝑐𝑄ௗ is the longest path in 𝐺ଵ 

which induced 𝐺ሾ𝐴ሿ and 𝐵 ൌ 𝑉ሺ𝐴ሻ\൫𝑉ௗ ∪  𝑁ሺ𝑄ሻ൯. Since 𝑎𝑐, 𝑐𝑏, 𝑏𝑑, 𝑑𝑎 ∉ 𝐸ሺ𝐺ଵሻ, then the all these vertices 𝑎, 𝑏, 𝑐, 𝑑 will be form 

cycle 𝐶ସ in 𝐺ଶ. Since 5 ቔ
ଶ௡ାଷ

ହ
ቕ െ 2ሺ𝑛 െ 1ሻ with 𝛿ሺ𝐺ଶሻ ൒ 1, such that there is exist one vertex 𝑥 in 𝐺ଶ\ሺ𝑉௔ ∪ 𝑉௕ ∪ 𝑉ௗሻ which this 

implies of 𝑥 adjacent to all sisi 𝑎𝑐, 𝑐𝑏, 𝑏𝑑, 𝑑𝑎 ∈ ሺ𝐺ଶሻ. Thus, 𝐺ଶ contain 𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ as a subgraph. Therefore, 𝑚ହሺ𝑃௡, 𝑊ସሻ ൑
𝑠 . 

Case 3.4. If 𝑉௔ ് 𝑉௕ and 𝑉௖ ് 𝑉ௗ. 

Let 𝑃 be the set of vertices in 𝐺ଵ, then 𝐴 ൌ 𝑉ሺ𝐾ହൈ ௦ሻ\൫𝑉௔ ∪ 𝑉௕ ∪  𝑁ሺ𝑃ሻ൯. Next, Suppose 𝑄 ൌ 𝑐𝑄ௗ is the longest path in 𝐺ଵ 

which induced 𝐺ሾ𝐴ሿ and 𝐵 ൌ 𝑉ሺ𝐴ሻ\ ൫𝑉௖ ∪ 𝑉ௗ ∪ 𝑁ሺ𝑄ሻ൯. Since 𝑎𝑐, 𝑐𝑏, 𝑏𝑑, 𝑑𝑎 ∉ 𝐸ሺ𝐺ଵሻ, such that the all these vertices 𝑎, 𝑏, 𝑐, and 

𝑑 will be form cycle 𝐶ସ in 𝐺ଶ. Since 5 ቔ
ଶ௡ାଷ

ହ
ቕ െ 2ሺ𝑛 െ 1ሻ with 𝛿ሺ𝐺ଶሻ ൒  1, such that there is one vertex 𝑥 in 𝐺ଶ\ሺ𝑉௔ ∪ 𝑉௕ ∪ 𝑉௖ ∪

𝑉ௗሻ which this implies of 𝑥 adjacent to all vertices 𝑎𝑐, 𝑐𝑏, 𝑏𝑑, 𝑑𝑎 ∈ 𝐸ሺ𝐺ଶሻ. Hence, 𝐺ଶ contain 𝑊ସ ∶ൌ 𝐶ସ ൅ ሼ𝑥ሽ as a subgraph. 
Therefore, 𝑚ହሺ𝑃௡, 𝑊ସሻ ൑ 𝑠. 

IV. CONCLUSIONS  

In this paper, we obtain the size multipartite Ramsey numbers for  𝑚௝ሺ𝐾ଵ,௡, 𝑊ସሻ for 𝑗 ൌ 4,5 and 𝑚ହሺ𝑃௡, 𝑊ସሻ with 𝑛 ൒ 2. 
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