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Abstract – In this paper, we combine Total Variational(TV)-based diffusion and Digital-Discrete Method for image processing 
problems. We propose an algorithm based on partial differential equation of TV regularization model, the finite difference method and 
gradually varied function (GVF). MATLAB package program is used to analyze images by using our algorithm. We see that this new 
algortihm is effective and simple to use in image processing. 

Keywords – Total Variational(TV)-based diffusion, digital-discrete method, gradually varied function (GVF), finite difference method, 
image processing. 

 

 

I. INTRODUCTION 

    Image processing problems are one of the most interesting topics of today. Tools such as mobile phones, computers, televisions, 
videos, cameras and magnetic resonance, which are indispensable in the modern world, need constant innovations for people's 
comfort.[1] 

    Increasing the image quality is an issue that attracts the attention of mathematicians like everyone else. As mathematicians, we 
thought about what can be done about the solutions of this problem. We created an algorithm using digital-discrete method, finite 
difference method, Total Variational(TV)-based diffusion MATLAB package program  and total variational based diffusion to 
improve image quality.[1] 

     Especially in recent years, the use of partial differential equations(PDEs) in imaging processes has increased. Various models of 
partial differential equations have been used. These models are evolutionary PDEs [2], geometric and variational PDEs [3], fourth-
order PDEs [4,5] and adaptive PDEs [6]. Some newer methods include semi-implicit finite volume scheme [7], additive operator 
splitting method [8], topological gradient approach [9], a restarted iterative homotopy analysis method [10] , hybrid analog-digital 
method [11]. In this study, we apply digital-discrete method for Total Variational(TV)-based diffusion  in image processing. 

II. GRADUALLY VARIED FUNCTION (GVF) AND ITS ALGORTIHM [1,12] 

2.1. GVF 

       GVF was introduced and developed by Chen in digital and discrete spaces [1,12,13,14].    

        𝐴ଵ, 𝐴ଶ,….,𝐴௠ ∈ ℝ,   𝐴ଵ ൏ 𝐴ଶ ൏ ⋯ ൏ 𝐴௠  and 𝑝, 𝑞 ∈ ∑ଶ are given.  

       Let  𝑓: ∑ଶሺ𝑜𝑟 𝑎𝑛𝑜𝑡ℎ𝑒𝑟 𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑒 𝑠𝑝𝑎𝑐𝑒ሻ → ൛𝐴ଵ, 𝐴ଶ,….,𝐴௠ൟ be a function.  
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If  𝑓ሺ𝑝ሻ ൌ 𝐴௜  and  𝑓ሺ𝑞ሻ ൌ 𝐴௝ , then level difference(LD) is | i-j | between f(p) and f(q). The GVF can be defined as follows. 

 

Definition 2.1.1. [1,12,13,14]:   For any p, q close pair in ∑ଶ, 

        If  𝑓ሺ𝑝ሻ ൌ 𝐴௜   and  𝑓ሺ𝑞ሻ ൌ 𝐴௜ିଵ, 𝐴௜  𝑜𝑟  𝐴௜ାଵ , then  f  is  GVF on p  and  q. 

Definition 2.1.2. [1,12,13,14]:   If  f  is  GVF  on any p, q close pair in ∑ଶ, then  f  is GVF. 

Theorem 2.1.1. [1,12,13,14]:   Let  p, q be points in J, if  a gradually varied interpolation exists, then length of the shortest path in 
D between p and q is not less than level difference between f(p) and f(q). 

2.2. GVF Algorithm [1,12,15]: 

J is a non-empty subset of D. fJ is a function defined on J. 

Step 1: We test all p and p/  points in J. If  d(p, p/ ) ≥   LD(p, p/)  is not satisfied, then there is no GVF. Take D0 ← J. 

Step 2: We take x from D − D0 where x has an adjacent vertex r in D0. Suppose fD (r) = Ai. 

Step 3:  We take  fD(x) = fD(r) = Ai. We test x against every vertex p in D0: If there is a p∈ D0 when d(x, p) < LD(x, p), change fD(x) 
to Ai−1 when fD(p) < Ai or change fD(x) to Ai+1   when fD(p) > Ai. 

Step 4:  Let D0 ← D0 ∪ {x}. 

Step 5:  We repeat 2–4 until D0 = D.     

 

III. DIGITAL-DISCRETE METHOD FOR TOTAL VARIATIONAL-BASED DIFFUSION 

3.1. Total Variational-Based Diffusion [16,17]: 

       TV based filtering was introduced by Rudin, Osher and Fatemi based on the minimization of the energy functional  [18]. The 
Total Variation (TV) model is generally defined as follows [16,17,18]: 

        𝐸ሺ𝑢ሻ ൌ ׬ ቂ
ଵ

ଶ
ሺ𝑢 െ 𝑓ሻଶ ൅ 𝛼|𝛻𝑢|ቃ 𝑑𝑥

ஐ
                                                                            (3.1.1) 

 Ω ⊂ ℝ   is bounded, connected, open subset representing the image domain. 

 𝑓   is an image on Ω. 

 u   is a restored version of  g.  

 𝛼 ൐ 0   is a scalar. 

      The gradient descent equation for (3.1.1) is defined as follows [16,17,18]: 

       
డ௨

డ௧
ൌ ∇ ቀ

∇௨

|∇௨|
ቁ െ

ଵ

ఈ
ሺ𝑢 െ 𝑓ሻ 

       
డ௨

డ௡
ቚ
𝜕Ω

ൌ 0                                                                                                                         (3.1.2) 

 

      The value of  𝛼 indicates the relative importance of the truth term. Smoothness level depends on this scalar parameter. The 
observed f  image is assumed to be distorted by the addition of a zero-mean Gaussian blur, and the variance is known as 𝛼ଶ  [18]. 
Therefore, in order to restore a given image, they propose to solve the following constrained optimization problem  [18]:  

      min
௨

׬ |𝛻𝑢|𝑑𝑥
ఆ

        subject to 

׬       ሺ𝑢 െ 𝑓ሻଶ𝑑𝑥 ൌ 𝛼ଶ.
ஐ

                                                                                                       (3.1.3) 
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    When the TV regularization is defined as a constrained optimization problem, 
ଵ

ఈ
 can be thought of as a Lagrange multiplier, which 

we can calculate by adding the given constraint into the calculation. 

     TV regularization can be considered common with nonlinear diffusion filtering, which is called TV flow [19,20].  

      If we neglect the truth term in equation (3.1.2), the partial differential equation becomes  

          
డ௨

డ௧
ൌ 𝛻ሺ𝑔ሺ|𝛻𝑢|ሻ𝛻𝑢ሻ                                                                                                                (3.1.4) 

with   𝑢଴ ൌ 𝑓    and  the diffusivity function  𝑔ሺ|𝛻𝑢|ሻ ൌ
ଵ

|ఇ௨|
.  Compared to Perona-Malik diffusion, this diffusion function appears 

to have no additional contrast parameters.  

        The main purpose in Total Variation is the minimization of  the energy functional  [16,17] 

          𝐸ሺ𝑢ሻ ൌ ׬ |∇𝑢|𝑑Ω
ఆ

                                                                                                         (3.1.5) 

subject to the two constraints  ׬ 𝑢𝑑Ω ൌ
ఆ ׬ 𝑓𝑑Ω

ఆ
      and  |𝑢 െ 𝑓| ൌ 𝛼ଶ. Depending on these constraints, minimization of the energy 

functional leads us to the following Euler-Lagrange equation:   
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         𝑢௧ ൌ
௨ೣೣ௨೤
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3.2. The finite difference method for Total Variational-Based Diffusion  [16,17,21]: 

        Let's make equation (3.1.7) discrete. We can divide the ranges 

       x୧ ൌ ihଵ,          i ൌ 1,2, … , N 

       y୨ ൌ jhଶ,          j ൌ 1,2, … , M                                                                                          (3.2.1) 

       t୩ ൌ k∆t,          k ൌ 1,2, … , n 

 We take  h1=h2 =1. 

 

        The discrete form of (3.1.7) becomes as follows 
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(3.2.2) 

3.3. On the solutions of the Image Processing Problems using Total Variational-Based Diffusion and Digital-Discrete Method 

           We discretized the Total Variational-Based Diffusion  by using the finite difference method in Chapter 3.2. We apply digital-

discrete adaptation in (k+1) so that   𝑢௜,௝
௞ାଵ ← ൫𝑢௜,௝

௞ାଵ ൅ 𝑔𝑣𝑓ሺ𝑖, 𝑗ሻ/2൯. We combine gradually varied function, finite difference method 

and Total Variational-Based Diffusion  for our algorithm   [12,16,17,21].  
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Algorithm (Digital-Discrete method for Total Variational-Based Diffusion  in image processing) [1,12]   

Step 1: Upload the main points. Data points with observation values are loaded. 

Step 2: Arrange the points in the lattice space and identify the solution.. 

Step 3: Expand the function according to Theorem 2.1.1 using the local Lipschitz condition. GVFs are obtained. (We apply GVF 
Algorithm) 

Step 4: Start to get the lattice points with the iteration of Total Variational-Based Diffusion  that we obtained by the finite difference 
method: 
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Step 5: Restore the current values obtained in step 4 using a GVF: 

            We continue to apply digital-discrete adaptation in (k+1) so that  

             𝑢௜,௝
௞ାଵ ← ൫𝑢௜,௝

௞ାଵ ൅ 𝑔𝑣𝑓ሺ𝑖, 𝑗ሻ/2൯ 

Step 6: Perform image processing analysis with the help of the MATLAB-R2020b package program using our algorithm.  

            We obtained images for different t values in Figure 3.3.1, Figure 3.3.2 and Figure 3.3.3 by using our algorithm. 

Original Image 

 

 



On The Solutions of The Image Processing Problems Using Total Variational-Based Diffusion and Digital-Discrete Method 
 

 
 
Vol. 30 No. 1 December 2021               ISSN: 2509-0119 110 

 

 

 

 



On The Solutions of The Image Processing Problems Using Total Variational-Based Diffusion and Digital-Discrete Method 
 

 
 
Vol. 30 No. 1 December 2021               ISSN: 2509-0119 111 

 

Figure 7.3.1. 

Original Image 
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Figure 7.3.2. 
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Figure 7.3.3. 

IV. CONCLUSION 

    In this paper, we applied  Digital-Discrete method for Total Variational-Based Diffusion to obtain a new and effective algorithm 
in image processing. The solution algorithm in this study 

is simpler than other algorithms. Also our algorithm is easier to apply to package programs such as MATLAB.  We think that 
digital-discrete method and its adaptation to nonlinear partial differential equations in imaging systems can be enlarged to other 
problems like biomedical systems. 
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